2022 Spring MATH2020B Advanced Calculus II 1
(Mi/\)t( G JCL Midterm Examination

Answer all questions. You should justify your answer and show all details.

1. (10 points) Let T' be a triangle formed by the lines y = x + 6,y + 2z = 0 and the y-axis.

BEvaluate
/ / ydA(z,y) .
T

2. (10 points) Let D be the region pinched between the circles 2 +y? = 4 and 2%+ (y—1)%2 = 1.
Find its centroid.

3. (10 points) Sketch the region of the following iterated integral
3n/4  p6/(2sinf—cosf)
/ / 2 cos 6 drdf
w/4 0

and then evaluate it in dydz.

4. (10 points) Sketch the polar curve 7 = 3 cos 4. How many leaves it has? Find the area of
one of its leaf.

5. (10 points) Find the volume of the tetrahedron whose vertices are (0,0, 0), (1,0, 0), (0, 3,0)
and (0,0,5).

6. (10 points) Find the volume of the solid which is bounded below by the zy-plane, on the
sides by the sphere p = 3, and above by the cone ¢ = 7 /6.

7. (15 points) Let C be the intersection of the ball 22 + 32 + 22 < 4 and the solid cylinder

2?2 + 9% < 3. Express the integral
[[] st
C

respectively in cylindrical and spherical coordinates.

8. (a) (5 points) Let ) be a region in space whose cross section {}(z) is a two dimensional
region for each z € [a,b]. Suppose that 2 is the union of all these cross sections. Use
Riemann sums to explain why the volume of € is equal to:

/ 102 dz

where [Q(2)] is the area of Q(z) and Q(z) is {(z,y) : (z,y,2) € Q}.

(b) (10 points) Use this formula to find the volume enclosed by the ellipsoid 622 + 632 +
22=1.

9. (10 points) Let D be the region enclosed by the polar curve {(z,y) : 0 <7 < 7(6),0 <
0 < 2r}. Suppose it is radially symmetric, that is, 7(6 + 7) = 7(#). Show that for a thin
object occupying D with density § satisfying d(—z, —y) = §(z,y), the center of mass of
this object is (0, 0).
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